Propagation of a massive spin-3/2 particle 
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The propagation of an off-shell spin-3/2 baryon is investigated in a consistent framework using 
projections corresponding to one irreducible spin-3/2 and two irreducible spin-1/2 representations 
arising from the usual spinor-vector representation of the spin-3/2 fields. Starting from the most 
general Lagrangian invariant under point transformations containing first-order derivatives only and 
imposing the constraint 7 /J i/ ,M — 0, we eliminate one of the spin-1/2 contributions. The resulting 
propagator provides a clean separation of spin-3/2 proper and the one remaining spin-1/2 contri- 
bution. In addition to a conventional pole term describing pure spin-3/2, which is identical to the 
propagator proposed by Williams, this procedure yields a second pole term describing spin-1/2 only, 
with a pole at twice the mass parameter of the Lagrangian. Its effect on physical observables may 
manifest itself in a manner which is indistinguishable from a particle in its own right. The second 
pole term cancels the l/p 2 singularity of the Williams propagator and the propagator derived here 
is well behaved for vanishing p 2 . 



PACS numbers: ll.10.Ef, 14.20.Gk, 13.75.Gx 



I. INTRODUCTION 

The description of higher spin fields is complicated by 
the well-known fact that a field with a given spin s (> 1), 
in addition to the spin s of interest, will also contain 
lower spin components (s — 1), (s — 2), etc., and that 
the description of these components is not unique. With 
electron accelerator facilities like CEBAF at the Jeffer- 
son Laboratory coming on-line, and the pressing need to 
accurately account for the structure of hadrons in the res- 
onance regions in order to be able to interpret the data, 
it is becoming increasingly important to find some con- 
sensus among theorists as to how to correctly describe 
resonant states with higher spins. One of the basic pre- 
requisites in this respect is a description of the spin-3/2 
resonances, like the A(1232). This problem has gener- 
ated a lot of discussions in the literature (see Refs. (l]-|7|] 
and references therein), and it is still not settled. 

Recently, a very interesting approach to spin-3/2 fields 
was put forward by Pascalutsa 0, based on a Dirac 
constraint analysis of the Rarita-Schwinger Lagrangian 
within the path-integral approach, aiming at restrict- 
ing the description to spin-3/2 components proper only. 
Pascalutsa's results show that for the Rarita-Schwinger 
Lagrangian, the spin-1/2 contributions cannot be elimi- 
nated at the level of the free field. He finds that restrict- 
ing the description of the propagating off-shell baryon to 
spin-3/2 contributions only requires imposing the con- 
straints at the level of the interaction Lagrangian and 
that this necessarily involves introducing higher than 
first-order derivative couplings. 

The present treatment of spin-3/2 fields is based on the 
most general Lagrangian invariant under point transfor- 
mations employing first-order derivatives only. We do 
not aim here to eliminate the spin-1/2 contributions al- 
together. Rather we want to identify their origins and see 
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how much of them we may safely discard at the outset 
without leading to unwanted, unphysical singularities. 

In Sec. g, we investigate the various spin contributions 
arising from the usual spinor-vector representation of the 
spin-3/2 fields. We show that the corresponding irre- 
ducible representations can be classified — appropriately 
for the present purpose — by whether p^ip^ = or r y f _ l ip >1 — 
is chosen as the primary constraint to be satisfied by 
the spinor-vector field It is demonstrated, in Sec. 
[II, that the usual Rarita-Schwinger construction of the 
propagator incorporates all spin-1/2 contributions. Go- 
ing through an undefined jj situation due to 'forbidden' 
parameters of the point transformation, we show that one 
can easily eliminate the spin-1/2 contributions which do 
not satisfy the Rarita-Schwinger constraint 7 At V ,/i = 0, 
without incurring any singularities. 

The resulting propagator exhibits a conventional pole 
term, identical to the Williams propagator ||, and an 
additional pole at twice the mass M defined by the first 
pole. This second term is found to cancel the l/p 2 singu- 
larity of the numerator tensor of the Williams propaga- 
tor and the resulting combined expression admits a well- 
behaved limit for vanishing p 2 . The second pole term 
cleanly isolates the spin-1/2 contributions from spin-3/2 
proper. In the concluding Sec. IV, we discuss the ramifi- 



cations of this finding for physical observables. 



II. SPINOR-VECTOR REPRESENTATIONS 

First, let us recapitulate some well-known facts regard- 
ing the spin-3/2 spinor representation. Denoting the ba- 
sic spin-1/2 spinors of the SU(2) ® SU(2) spinor repre- 
sentation in the usual way (see, e.g., Ref. @]) by 



(1=0) 



and 



(0,|) 



(1) 



1 



higher spin fields are constructed by taking tensor prod- 
ucts between the spinors. A spin-1 vector spinor is then 
given by 



Vector: (±, 0) <S> (0, ±) 



(- -) 

V 2 ' 2 I ' 



(2) 



and a spin-3/2 spinor is usually according to the Rarita- 
Schwinger construction 0, introduced as the product of 
a vector and a spin- 1/2 spinor, i.e., 

Spin-3/2: (|, ±) ® (1 , 0) = (1, \) ® (0, 1) , (3) 

which is usually written as a four-spinor with a vector 
index /z. [We conciously avoid writing Eq. (|§|) in the more 
correct way as 

[(io)©(oi)] = (i,i)e(o ! i)©(i,i)e(|,o) 

since this properly symmetrized form only complicates 
the notation, without adding anything substantial to the 
present discussion.] 

As is seen from Eq. (|3|), this field has one spin-3/2 
component proper contained in (1, 1). In addition, there 
are two spin-1/2 contributions, one from the Dirac spinor 
(0, |) and one from combining the spins 1 and | in (1, 5) 
to a total spin 1. As a consequence, the spinor- vector 
representation gives rise to one irreducible spin-3/2 and 
two irreducible spin-1/2 representations. 

In the following we will classify two different ways of 
introducing explicit representations by the way one de- 
scribes the Dirac (0, ^) field contribution in the direct 
sum, Eq. (|). 



uv _ f y 



(6) 



where 



p 



3p 2 



is the projection operator associated with spin-3/2 proper 
and 



(pur = 



3p 2 



(8) 



is the desired projector onto the spin-1/2 component of 
(1, i) in the irreducible representation defined by Eq. (Q), 
with 



(V22) 



(9) 



being the projector associated with (0,1). 
The operators Q 

a, (p*-7W 

[ H2 J 



(W 



pup - fa*) 



V3p 2 



(10a) 
(10b) 



describe the transitions from one irreducible spin-1/2 rep- 
resentation to the other and allow one to mix the two 
representations. Evidently, V, Vu, and V22 are mutu- 
ally orthogonal and 



A. Using p M V M = as the primary constraint 

In view of the fact that it has the same transformation 
properties as a Dirac field, we may identify p^f/v with 
(0,1), i.e., 



(0 i)=^v. 



(4) 



where p^ is the four-momentum of the particle described 
by the field ip 11 . The complementary component is then 
given by 



(1.1) 



(5) 



which has a zero contraction with p^. It is this latter 
part of the spinor-vector space we are interested in since 
it contains spin-3/2. Equation (||) obviously amounts to 
employing p^ijj^ = as a primary constraint for the field 
which must be satisfied regardless of whether we are on- 
shell or not. 

To isolate the spin-1/2 contribution still contained 
within (1, 1), one must construct a projector whose con- 
traction with p^ is zero, but whose contraction with 7^ 
must not be zero. One easily finds 



(11) 



provides an expansion of the identity. 

These projection operators are well-known and form 
the basis of the investigations of spin-3/2 fields in Refs. 
|0-p[. The derivation given here makes it obvious that 
this particular set of irreducible representations suffers 
from an unphysical singularity at p 2 = which — most 
importantly — affects 



y ^2 



(12) 



which serves as the metric tensor for the (1, 5) spinor- 
vector subspace [cf . Eq. (||)] . 



B. Using 7 M V M = as the primary constraint 

As an obvious alternative to Eq. ([|) , we may make the 
identification 



(0,1) = 7^ 



(13) 



instead, since j^t/j^ a l so transforms the same way as a 
Dirac spinor. Its complementary component, 



2 



(14) 



then has zero contraction with a 7^ matrix, i.e., we now 
have implemented "f^ip^ = as the primary constraint 
for the (1, |) field contributions. This representation of 
is referred to as the Rarita-Schwinger (RS) field 
Evidently, the metric tensor of the associated sub- 
space, 

<r - h'v , (15) 

is nonsingular (and momentum-independent), which im- 
mediately removes one of the major objections against 
the previous irreducible representations. 
Introducing the projection operators, 

D"" = 9^ - \-f>f > (16a) 

(16b) 

the spin-3/2 field can then be decomposed according to 

V = 4>£ + i>£ = Wil>« + , (17) 



where 



(18) 



contains no spin-3/2 components. To identify the spin- 
1/2 components within the RS field, 



we write 



where 



3p 2 



(19) 
(20) 

(21) 



projects onto the subspace associated with that spin-1/2 
field. is the spin-3/2 projector of Eq. (]?]) which we 
can also write as 



4(p" - \^i>W - W) 

3p 2 



(22) 



in order to make the connection to the present treatment 
more obvious. 

V, P, and P are mutually orthogonal and therefore P 
and P correspond to alternative irreducible representa- 
tions of the two spin-1/2 fields arising within the spinor- 
vector representation, i.e., 



P + P = Vu + V22 
In this context, we mention that 
P = D (Vu + V22) D 



4 < 11 1 4 / 22 4 

provides an explicit description of how the two irre- 
ducible representations given in the previous subsection 
are mixed in the present representations. 

In view of the nonsingularity of the metric associated 



(23) 



(24) 



with (1, i) [cf. Eq. (fi^j], we will use the spin-1/2 repre- 
sentations introduced here in the following. 



III. LAGRANGIANS AND PROPAGATORS 

We recall that the free Lagrangian for the spin-3/2 case 
takes the form 

£=%A^i>„, (25) 
which, using Eq. (|l7|), we can rewrite in the matrix form 



C = ( VD VP 



DAD DAP 
PAD PAP 




(26) 



This explicitly shows that this Lagrangian will have spin- 
1/2 pieces originating from (0, \) unless DAP = PAD = 
PAP = 0. 

The most general form for A MI/ containing up to first- 
order derivatives only is given by fi0] 



A"" = (jJ - M)g tlv + A{^p v + jfrf) 
+ i(3A 2 + 2A+ 1)7^7" 
+ M[3A 2 + 3A + lh'V , 



(27) 



where p^ = i<9 M and M is the mass of the spin-3/2 baryon 
and A is an arbitrary parameter. 

This particular form of the Lagrangian is obtained by 
demanding that it be invariant under point transforma- 
tions 0, 



V -> = (g^ + a7 M 7") <Pv 



A^A' = 



A - 2a 
1 + 4a 



(28a) 
(28b) 



where a is an arbitrary parameter, except that a — — j i s 
excluded since it would render the transformation (p8q) 
singular. For a similar reason, A = — | is not allowed 
since the resulting propagator would become infinite [cf. 
Eq. (H)]. 

The simplest interaction Lagrangian compatible with 
chiral symmetry and consistent with the present ap- 
proach contains a first-order derivative coupling which, 
considering the example of the AiV7r vertex, leads to the 
coupling operator [^,^| 



VfaA, z) = J-9^(A-z)q v 



(29) 



where q and are the pion's momentum and mass, 
respectively, / is the coupling strength (and isospin is 
ignored for simplicity). The tensor 



9^{A- z) = g» v + [i(l + Az)A + z] 7^7" 



(30) 



contains a parameter z measuring the 'off-shellness' of the 
vertex. Theoretical attempts to determine z have been 
inconclusive so far and it is widely thought that z must 
be determined from experiment (see [^J, and references 
therein). 
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A. Rarita-Schwinger case 

The well known Rarita-Schwinger (RS) Lagrangian is 
obtained with the choice A = — 1, i.e., 

A"" -> A^ s = gTW - M) - Wp v + p^Y) 



= i{<r^,(^-M)} , 
which, when solving [pU^] 

a n pv — n " 
■"Vp^rs ~~ -hi 

in momentum space, leads to the propagator 
M „ _ (l + M)A^ 



with 



^RS 



9" 



A/ 2 



2p'X 
3Af 2 



7^" 



3M 



(31) 
(32) 

(33) 

(34) 



The latter is the usual Rarita-Schwinger propagator ten- 
sor. 

We would like to emphasize here that, as we have seen 
already from Eq. (|2^), the RS tensor in general will ad- 
mit both the spin-1/2 contributions from (1, |) and (0, |) 
due to the fact that Eq. (|3^) seeks a propagator that is 
obtained by inverting A MP on the entire space. 

The RS vertex is given by 



f 



(35) 



which still contains the undetermined parameter z. 

Finally, we mention that the reason for choosing A = 
— 1 is that the general solution of Eq. ( |32"|) without prior 
choice of A generates an additional A-dependent contact 
term of the form 



A 



1 A+l 
"3M^(2A+1) 2 

(2A+1)(^ P » + P ^) 



(36) 



which must be added to G^ s , and the RS choice A 



— 1 makes this term vanish. For A 
infinite. 



4, G 1 ^ becomes 



B. 'Singular' case 

As indicated, the treatment of the previous subsection 
takes into account both spin-1/2 contributions. How- 
ever, since our primary interest are the proper spin-3/2 



contributions only, and unless one is forced to do so by 
the mathematics of the problem, there is really no need 
to take into account these extraneous spin-1/2 pieces 
which arc only an artifact of the spinor-vector construc- 
tion. We, therefore, would like to be able to restrict 
the description to (1, |) instead. Eliminating the (0, I) 
pieces will have the added advantage that the primary 
constraint "f^ip 11 = will be valid at all times. 

To achieve this goal, the key here are the 'forbidden' 
parameter values A — — ^ and a = — 4. Note that for 
these values, firstly, the point transformation (28a) cor- 
responds to a projectio n ont o the (1, ~) RS spinor-vector 
space acco rdin g to Eq. ( |l6a|) and, secondly, the mapping 
of A, Eq. (28b ), leads to an undefined ^ situation. 

To investigate the latter situation in more detail, con- 
sider a value of a related to A by 



.4 



1 



+ (1 + 4a) 1+x 



which means that Eq. ( [28b|) becomes 

1 



A—> A' 



+ {l + Aaf , 



(37) 



(38) 



where any value of x > is acceptable as long as ( |37| ) 
has real solutions. This shows that for a = — | and 
A = — |, the § situation is resolved and conforms to 
the transformations 



^ = or - \-f-f) vv 



A—> A' = - : 



(39a) 
(39b) 



This clearly means that going through the 'singular' set of 
values, one restricts the description to the (1, |) RS fields, 
as desired. Any subsequent point transformation will not 
lead out of this space since (g^p + aj tl j p )D f " / = D " for 
any a. This, therefore, corresponds to a trivial realization 
of the invariance under the transformations ( |28| ) in the 
sense that neither i/> M nor A changes. 
The corresponding A^ tensor is 



(40) 



With this 



which follows from Eq. ( J27j ) with A = — |. 
tensor structure for the Lagrangian, it is then a trivial 
exercise to show that the (0, \) elements of ( p^ ) indeed 
vanish, as desired, i.e., 

(AP)"" = (PA)"" = , (41) 

and the resulting Lagrangian, 

£=(^D) M (DAD)'»W)„ ) (42) 

obviously only describes RS field contributions. 
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To determine the propagator for this case, we need to 
solve 



(DAD) W G^ = D, 



(43) 



in momentum space, which replaces Eq. (|32j). It is crucial 
here that we seek only an inverse of DAD on the (1, 5) 
spinor- vector space since this is the only part of the space 
where A has non-zero elements. 
The resulting propagator is 



G» v = 



{j/> + M)V» V 



p 



M 2 p 2 -{2Mf 



(44) 



where the first term contains the spin-3/2 projection op- 
erator, Eq. (f|), satisfying PV = VP = and DV = 
VD = V. The numerator of the second pole term is 
given by 



Both terms can easily be combined to produce 



(45) 



(j) + M)g pcr 
V 2 - M 2 



2p p (j> + 2M) Pa 
(p 2 - M 2 )(p 2 — AM 2 ) 



D° 



(46) 



which may be the preferred form for practical calcula- 
tions. This form clearly exhibits the fact that this prop- 
agator will only act in the space of the RS fields ip£ since 



7m G^ = G^fv = 



(47) 



Moreover, it also shows that the limit of p 2 — > is well 
defined here since the combination of the two pole terms 
cancels the individual 1/p 2 singularities. 

The construction given here leads to a clear separation 
of the spin-3/2 contributions proper and of the additional 
spin-1/2 piece contained in the (1, |) RS fields. As is 
seen from Eq. (|44|), the two contributions propagate with 
different masses! 

The first part of Eq. (§J), 



^3/2 ~~ 



(i> + M)V 
v 2 - M 2 



(48) 



evidently contains only spin-3/2 in view of C" appearing 
here. This corresponds to the propagator suggested by 
Williams j|] , which has been criticized || because of the 
unphysical 1 jp 2 singularity appearing in V^ v . In view of 
the cancellations just described, the limit of vanishing p 2 
poses no problem for Eq. (|44|). 
The second part, 



"1/2 ~~ 



p 2 - {2Mf 



(49) 



describes the propagation of the spin-1/2 part of the RS 
field 'ipQ, with a pole at p 2 — (2M) 2 . Furthermore, its 



numerator tensor contains an operator, (j/> + 2M), which, 
for p 2 = (2M) 2 , can be expressed as 



$ + 2M = AM U(p)U(p) , 



(50) 



i.e., it gives rise to an expansion in terms of Dirac spinors 
for the mass 2M, where 

(j> - 2M)U(p) = . (51) 

Introducing the (unnormalized) function 

r( P ) = WpvUfr) = (p» - u(p) 

= (P» - fr) U( P ) , (52) 

suggested by the numerator of Eq. ( fi"5| ) , one sees that 

= 3M 2 U(p) , (53) 

apart from the unessential mass factor, is indeed a spin- 
1/2 spinor. Moreover, 



[D^-Mg^] r(p) = 



(54) 



plays the role of a wave equation. 

The conclusion from this exercise is that in (1, i) 
spinor-vector space the propagator G^J 2 behaves very 
similar to the propagator of a spin-1/2 particle. In 
any practical application, therefore, the pole of G^ 2 at 

p 2 = (2M) 2 may manifest itself in a manner which is 
largely indistinguishable from a spin-1/2 particle of mass 
2M in its own right . 

As far as the general vertex (|2^) is concerned, we 
immediately see that for the present 'singular' choice 
A = — i , the vertex becomes independent of z and auto- 
matically acquires a projector onto the (1, i) space, i.e., 



r»(q) = r»(q;-±z) = ^-D^q, 



f , 
= (<7 

m. 



11 - \rt. 



(55) 



which lends additional support to the construction of the 
propagator on the D subspace only given in Eq. ([43]). 
This vertex thus satisfies 

l^{q) = , (56) 

which is necessary in the present context. 

Finally, if one wanted to eliminate Gy 2 altogether, one 
would have to restrict the space even further and consider 
only the spin-3/2 subspace for which itself serves as 
the metric tensor. The resulting propagator then would 
be the Williams propagator (48), with its unphysical sin- 
gularity at p 2 = being just a reflection of the fact that 
the metric of the space on which it is invertible is sin- 
gular itself. However, given the assumptions underlying 
the present approach, there is no basis for eliminating 



G!jy 2 in this manner. To be able to eliminate G 



1/2' 
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seems obvious that the condition ( |5q ) is not enough, but 
that one would need an interaction Lagrangian leading 
to the additional constraint p^T 11 = which necessitates 
second-order derivatives in the interaction, as found al- 
ready in Ref. 0. 

C. Rarita— Schwinger case and A = — | 

Since one can show quite generally that the S matrix 
should not be affected by the values of A in (^) 0, 
we would like to add some comments here regarding the 
effect of choosing A — — i if one follows the procedure 



described in Sec. Ill A 



As discussed already, for A = — ^ the additional con- 
tact term of Eq. ([36]) becomes infinite. However, the 
propagator never occurs by itself, but always appears be- 
tween vertices. Considering therefore 



G A , P « = 6 PI1 (A; z)G%6 v<7 (A; z) , (57) 
and writing A = — A + e, one finds a finite result, 
1 + 4z 



G7 



12M 2 
±_ 

8 



i±^ 7 ^ + 2M)Y + UgiM'f'f 



(58) 



in the limit of e — > 0. For z 
Therefore, since only 



■i, this term will vanish. 



« MW (-3.-j) = ^"(-l,-2) = D / "' 



(59) 



will lead to identical matrix elements and hence an in- 
variant description of observables, this exercise clearly 
shows that one should choose z = — \. We mention that 
this is a value compatible with the range of acceptable 
values found in fits to experimental data p] . 

The value z = — \ had also been suggested in Ref. ||] 
as being one for which all spin- 1/2 contributions would 
vanish. The present derivation clearly shows that this is 
not the case; this choice only restricts the allowed spin- 
1/2 contributions to those arising from the RS fields ip£. 

Comparing Eqs. (|33|) and (|44|), as far as the final result 
is concerned, for z — | both propagators will act only in 
the subspace of the RS fields i/'d- The reason they are 
not identical is due to the different routes of construction. 
While the propagator of Eq. ( f44| ) is constructed entirely 
within the space of the RS fields, the propagator ( |33| ) is 
derived on the entire space which contains both spin- 1/2 
contributions and only the final result is projected onto 
the (1, h) subspace. Recasting Eq. (jig) in the form 



M)A pff 



lis 



M 2 



2p p (p' + 2M)p a 
3M 2 (p 2 - 4M 2 ) 



d; (60) 



exhibits most clearly that this difference in the derivation 
leads to the appearance of the second pole term. 



IV. SUMMARY AND DISCUSSION 

In summary, we have presented here a treatment of 
the free propagation of a massive spin-3/2 particle in 
which we use the so-called 'singular' parameter values 
of the point transformations associated with the most 
general free Lagrangian containing first-order derivatives 
only. We have shown that in this way, we can easily elim- 
inate the spin-1/2 contributions which do not satisfy the 
Rarita-Schwinger constraint ^pip^ = 0. 

We should mention in this context that, with "f^ip 1 * = 
given, the other constraint, p^ip^ = 0> follows from the 
validity of the on-shell wave equation (ft — M)^ = 0, of 
course. 

Perhaps the most unexpected outcome of the present 
approach is the fact that a second pole term with a dif- 
ferent mass emerges from the procedure which isolates 
the spin-1/2 contribution. In order to assess the ram- 
ifications of this finding for the description of physical 
observables, note that, for p 2 — M 2 , the pole residues of 
G^, Eq. @, and G^ s , Eq. (§|), are identical since 
{ft + M)V^ -► {j/> + M)A£g in that limit. Taking 
the A(1232) as an example, this means that the well- 
established description of the A properties based on the 
Rarita-Schwinger propagator is not going to change sig- 
nificantly if described with the propagator of Eq. m4) 
instead. 

Away from the first pole, in particular near the second 
pole, this is no longer going to be true. It seems obvious 
that this second pole will have a very similar effect on the 
numerical results as if one had added an additional, in- 
dependent spin-1/2 particle with twice the original mass 
to the description of the problem of interest. Therefore, 
if the present results provide a valid description of phys- 
ical reality, it means that every observed spin-3/2 state 
that is due to an elementary field should be accompa- 
nied by a spin-1/2 state in the present approach. Taking 
the P33 A(1232) as an example, one would have to look 
for an S31 or P31 partner, depending on which of the 
spin-1/2 partial waves exhibits resonant behavior. The 
particle tables Jl0| provide a number of possible states. 
Which, if any, of these resonances may be describable as 
the partner of the A(1232) according to the present for- 
mulation remains to be seen. The fact that their masses 
are well below twice the A mass should not be a problem, 
of course, since the present description applies to stable 
particles and does not take into account dressing effects, 
different open decay channels, etc. These effects can be 
expected to affect the two poles in a different way and 
therefore produce complex resonance pole positions no 
longer related in the simple manner the bare poles are 
related on the real axis. A numerical study to answer 
these questions is underway. 

Whether the approach described here is realized in na- 
ture remains to be seen. However, if the present de- 
scription of spin-3/2 should turn out to be of practical 
relevance, it is conceivable that a similar procedure may 
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be applicable to even higher spin fields. 
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